Abstract. This paper conducted a cross research on computer programming and combinatorial mathematics which studied the minimal Atom-bond connectivity (ABC) index of chemical trees using the greedy algorithm and the theory of integer partitioning. A completed searching algorithm that counting chemical trees with minimal ABC index, fast searching algorithm and their specific value of efficiency are given. We also found the pattern of variation of the (ABC) index of graphs with n (n<500) vertices as the degree sequences changes, and we obtained the lower bound of the ABC index of chemical trees and one of its corresponding extremal graphs. Furthermore, we proposed a conjecture of degree sequence and extremal graph. These provide a new way to search the minimal ABC index of trees. Chinese Library Classification: TQ015.3, TP301.6 Document code: A
Introduction
We assume that G is a simple undirected graph whose vertex set is V(G) = {v 0 , v 1 Given a nonnegative integer sequence C = (c 0 , c 1 , . . . , c n−1 ), we call sequence C is buildable, if there exists an undirected graph G whose degree sequence is C. If a graph can be built by the sequence C, it is called building graph. In the mathematics and computer science, the problem of building graph with given degree sequence is important and difficult.
If non-increasing positive integer sequence π = (d 0 , d 1 , . . . , d n−1 ) is a degree sequence of tree with n vertices and minimal ABC index, π is called an optimal degree sequence and the sequence is realizable. Particularly, d 0 ≥ d 1 ≥ d 2 ≥. . . ≥ d n−1 .
In 1998, Estrada et al. [1] came up with the concept of atom-bond connectivity (ABC). If G= (V, E) is a molecular graph, and d u 、d v are the degree of the terminal vertices u and v of edge uv, . The ABC index can be used to study the thermodynamic stability of acyclic saturated hydrocarbons and the strain energy of their cyclic congeners [1, 2] . In 2009, it has been proven by Furtula et al. [3] that, among all trees, the star tree S n has the maximal ABC index. But, searching and depicting the trees with minimal ABC index remains a difficult problem. Gutman et al. [4] and Lin et al. [5] have proven some structural features of the trees with minimal ABC-index. Chemical trees obviously have the same structural features.
Boris Furtula et al. [3] obtained a conclusion about value ranges of ABC-index of chemical trees. Lemma 1.1 [3] . Let T be a chemical tree with n vertices. Then, We can observe and know that n increases by 11 as k increases by 1 for extremal graphs, so we classify chemical trees with n vertices by n=11k+x(x=0, 1, 2, … , 9) and study the minimal ABC index of them respectively.
Based on Boris Furtula et al. [3] coming up with the minimal ABC index of chemical tree that the vertex number is n=11k+10, in this paper we use the theory of integer partitioning to create optimal degree sequence, builds up the counting method of fast searching algorithm which is for searching chemical trees, and respectively reaches the conclusions that the minimal ABC index of chemical tree that the vertex number is n=11k+x(x=0, 1, 2,…, 9),when n ≤ 500.
Completed Searching Algorithm and Fast Searching Algorithm of Greedy Chemical Trees with Minimal ABC Index
For a given degree sequence of tree D = (d 0 , d 1 , . . . , d n−1 ), Gan et al. [6] and Xing et al. [7] have proved that greedy tree is a kind of tree with minimal ABC index. Greedy tree can be obtained by following greedy algorithm:
(i)Label a vertex with the largest degree (denoted by d 0 ) as v 0 , which is the root;
(iv)Repeat (iii) for all the newly labeled vertices, and always start with the neighbors of the labeled vertex with the largest degree whose neighbors are not labeled yet.
(v)Until all vertices are labeled.
(vi)Output all of the degree sequence of trees and greedy trees and tree structures. In 2013, Dimitrov [8] designed a completed searching algorithm of trees. The algorithm is operated by the following three steps:
Step 1. Enumerate all degree sequences of trees.
Step 2. Find corresponding 'greedy trees' for each generated degree sequence.
Step 3. Calculate the ABC index of each 'greedy tree'. Compare ABC indices of each 'greedy tree'. Select the tree with minimal value and obtain the corresponding extremal graph. Based on property 2.1 and above-mentioned completed searching algorithm of Dimitrov [8] , we build a completed searching algorithm 1 of chemical trees. Algorithm 1 is operated by the following three steps:
Step 1. Enumerate all degree sequences of chemical trees.
Step 2. Find corresponding 'greedy trees' for each generated degree sequence and calculate the ABC index of the greedy tree.
Step 3. Compare the ABC index of each 'greedy tree' and obtain the chemical tree with minimal ABC index.
Following content is the detail of algorithm 1. 5.2.5 Let the above-mentioned value compare with the current minimal value. If the value is smaller than the current minimal value, let the value be the minimal value.
6 Output the minimal ABC index and the corresponding sequence. 7 Output the tree structure, get an extremal graph In order to discuss the fast searching algorithm of chemical trees with minimal ABC index, we introduce some concepts and conclusions of theory of integer partitioning.
An integer n can be partitioned as n = m 1 + m 2 +. . . +m i , which is called an integer partition of n. m i is an integer, particularly. If the maximal value in {m 1 , m 2 , … , m i } is smaller than M, stated as max{m 1 , m 2 , . . . , m i } ≤ M, we call it an M partition of n. P(n, m) will denote the set of all integer partitions of n having m parts. P ≥d (n, m) represents the set of all m partition of n and the value of each part is smaller than d. That is to say, P ≥d (n, m) = {(d 0 , d 1 Based on Lemma 2.2, if we know the value of t, the number of vertices of degree 1 and degree 2 are easily to know. At this time, we only need to explore the value of first t+1 items in the sequence.
The sum of degree of tree is 2n-2(n is the number of vertices of tree). Step 1. For each integer t (1 ≤ t ≤ ⌊ n−7 3 ⌋), we generate all sequence π ∈ P(D t − 3t − 3, t + 1);
Step 2. Find corresponding 'greedy trees' for each generated degree sequence π and calculate the ABC index of the greedy tree.
Step 3. Find out the minimal ABC index among above-mentioned values. Output the corresponding sequence π and the extremal graph.
Following content is the detail of algorithm 2. 1 Input the number n of vertices of the chemical tree.
2 Calculate the maximal value max_t of t, based on the number n. //the number of degree 4 is D t -3*(t+1) 3.4 Calculate the number of degree 4 and fill the sequence. 3.5 Calculate the ABC index of corresponding 'greedy trees' for each generated degree sequence and its sequence.
3.6 If it is the first loop, then let the above-mentioned value be the minimal value. Otherwise, let the above-mentioned value compare with the current minimal value. If the value is smaller than the current minimal value, let the value be the minimal value.
4 Output the minimal value among the above-mentioned ABC index and the corresponding sequence.
5 Output the corresponding tree structure and get an extremal graph. We assume that S (n) and S c (n) represent the number of degree sequence of chemical trees with n vertices and candidate degree sequence of chemical trees with n vertices respectively. Candidate degree sequence meets the Lemma 2.2. In order to search the chemical trees with minimal ABC index, we only need to enumerate all candidate degree sequences. For large number n, S c (n) is much smaller than S(n) .For 20 ≤ n ≤ 500 , table 2.1 lists a part of S c (n), S(n) and their ratioS c (n)/S (n).
Based on the algorithm of Lin et al. [5] , fast searching algorithm in this paper improved their result by preselecting chemical trees with certain structure. From table 2.1, with the increment of n, the ratio S c (n)/S (n) decreases rapidly. Hence, fast searching algorithm is better than completed searching algorithm.
Note: Lin et al. [5] have proven that for trees, the relationship between the number of degree sequence of trees with n vertices, denoted byS c ′(n), and candidate degree sequence of trees with n vertices, denoted by S′(n), is lim n→∞ S c ′(n) S′(n) = 0. Table 1 . The ratio r (n) =S c (n)/ S (n) for some n's: 20 ≤ n ≤ 500. 
The Minimal ABC Index and Extremal Graph of Chemical Tree
According to the completed searching algorithm 1 and fast searching algorithm 2 of chemical tree, we can get the degree sequence of chemical tree with minimal ABC index and corresponding tree structure by using greedy algorithm, and obtain the extremal graph.
Using the searching result of algorithm (See Table 2 -3), we explore the minimal ABC index and the matching optimal degree sequence respectively, when the number of vertices of chemical trees is n=11k+x(x=0, 9).
Using fast searching algorithm in this paper, we can calculate the minimal ABC index of chemical trees and the matching optimal degree sequence (See Table 2-3 ). In addition, we get a type of the corresponding extremal graph by using the greedy algorithm.
For n=42(See Table 3 .2), the optimal degree sequence is π = (4,4,4,4,3,3,3,3,3,3,2,2,2,2,2,2,2, 2,2,2,2,2, 2,2,2,2, 1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1 ). This sequence can use greedy algorithm to depict greedy tree T 2 (See Fig.2.) . In fact, for n=42, it exits an isomorphic extremal graph T 3 (See Fig.3.) and a non-isomorphic extremal graph T 4 (See Figure 4) . Table 2 . The number of vertices with certain degrees and the minimal ABC index for n=11k (1 ≤ k ≤ 45).
K n The number of degree 4
The number of degree 3
The number of degree 2
The number of degree 1 Observing Figure 1 and Figure 4 and combining with table 3.1-3.2, we can know that when n increases by 11 (k increases by 1), one basic graph B 1 (See Fig.5.) will be attached to the previous graph. (1) The number of vertices with degree 4 will increase by 1, the number of vertices with degree 3 will increase by 2, and the number of vertices with degree 1 and degree 2 will both increase by 4.
(2) A basic graph B 1 will be attached to the extremal graph.
Conclusions
This paper gives the fast searching algorithm of chemical trees with minimal ABC index, calculates the minimal ABC index of chemical tree and gets the corresponding optimal degree sequence and its greedy tree. In addition, it comes up with a conjecture. Although we can search the chemical trees with minimal ABC index by using fast searching algorithm, the problem of finding the minimal ABC index of trees is still unsolved. Note: We will study the problem of building chemical trees with minimal ABC index in another paper.
